Abstract. Let G be a simple, simply connected algebraic group of exceptional type defined over F q with Frobenius endomorphism F : G → G. We prove that generalized e-Harish-Chandra theory holds for E(G F , s) where s ∈ G * F is semisimple and quasiisolated. In turn, this yields explicit basic sets for the corresponding quasi-isolated blocks of G F , which we then use to prove a conjecture of Malle and Robinson for these blocks.
Summary
By work of Geck-Hiss [15] and Geck [14] , it is known that ordinary basic sets exist for blocks of finite groups of Lie type under some mild conditions on the prime ℓ. However, their results do not yield explicit basic sets. In this paper, we will determine explicit ordinary basic sets for the quasi-isolated ℓ-blocks of finite groups of exceptional Lie type under similar conditions on ℓ as in [14] .
Let G be a simple, simply connected algebraic group of exceptional type defined over F q with Frobenius endomorphism F : G → G, or let G be simple, simply connected of type D 4 defined over F q with Frobenius endomorphism F : G → G such that G F = 3 D 4 (q). Let ℓ ∤ q be a good prime for G and further assume that ℓ = 3 if G F = 3 D 4 (q). We start with an explicit description of the quasi-isolated ℓ-blocks of G F . This is done by determining all the corresponding so-called e-cuspidal pairs. Next we show that a generalized eHarish-Chandra theory (as defined in [12] ) holds in every Lusztig series associated to a quasi-isolated element of the dual group G * F . Combined with [14] this gives us a basic set for every quasi-isolated block of G F . In the last section we use this to prove a conjecture of Malle and Robinson concerning the number of irreducible Brauer characters in a given block for the ℓ-blocks of quasi-simple groups of exceptional Lie type, extending their results in [18] .
Generalized e-Harish-Chandra theory
Let G be a connected reductive group defined over F q with Frobenius endomorphism F . We start by recalling some relevant notions and results. Let e ≥ 1 be an integer. Suppose that S is an F -stable torus of G with complete root datum S (see [19, Definition 22.10] ). Then S is called an e-torus if |S| = Φ e (X) a for some non-negative integer a,
where Φ e denotes the e-th cyclotomic polynomial. A Levi subgroup L of G is called e-split if L = C G (S) is the centralizer of an e-torus S of G.
Proposition 1.1. Let G be a connected reductive group defined over F q with Frobenius endomorphism F : G → G. If L is an e-split Levi subgroup of G, then L = C G (Z • (L) Φe ), where Z
• (L) Φe denotes the Φ e -part of the torus Z • (L).
Proof. Since L is e-split, there exists an e-torus S of G such that L = C G (S). Clearly,
) (see [11, 1.21 Proposition]), we have
We say an irreducible character χ of G F is e-cuspidal if * R G L⊆P (χ) = 0 for every e-split Levi subgroup L contained in a proper parabolic subgroup P ⊆ G, where * R G L⊆P denotes Lusztig restriction (see [11, 11.1 Definition] ). Let λ ∈ Irr(L F ) for an e-split Levi subgroup L ⊆ G. Then we call (L, λ) an e-split pair. We define a binary relation on e-split pairs by setting (M, ζ) ≤ e (L, λ) if M ⊆ L and * R L M ⊆Q (λ), ζ = 0. Since the Lusztig restriction of a character is in general not a character, but a generalized character, the relation ≤ e might not be transitive. We denote the transitive closure of ≤ e by ≪ e . If (L, λ) is minimal for the partial order ≪ e , we call (L, λ) an e-cuspidal pair of G F . Moreover, we say (L, λ) is a proper e-cuspidal pair if L G is a proper F -stable Levi subgroup of G.
Let G * be a group in duality with G with respect to an F -stable maximal torus T of G (see [11, 13. 10 Definition]). By results of Lusztig Irr(G F ) is a disjoint union of socalled (rational) Lusztig series E(G F , s), where s runs over the G F -conjugacy classes of semisimple elements of the dual group G * (see [10, Definition 8.23] ). The following definition can be found in [12, 2.2.1 Definition]. Let s ∈ G * F be semisimple. We say that generalized e-Harish-Chandra theory holds in E(G F , s) if, for any χ ∈ E(G F , s) there exists an e-cuspidal pair (L, λ) of G F , uniquely defined up to G F -conjugacy, and a = 0 such that *
for every parabolic subgroup P ⊆ G containing L.
Recall the following classical result about the block theory of finite groups of Lie type. Now, e-cuspidal pairs yield a refinement of Theorem 1.2. Let e ℓ (q) denote the multiplicative order of q modulo ℓ. (a) There is a natural bijection
between the ℓ-blocks of G F contained in E ℓ (G F , s) and the e-cuspidal pairs (L, λ),
Throughout this work we will work under the following core assumption.
(A) G is connected reductive defined over F q with Frobenius endomorphism F : G → G, ℓ ∤ q is odd and good for G and e = e ℓ (q). If G F has a component of type
The following theorem shows how the notion of a generalized e-Harish-Chandra theory holding in a Lusztig series is related to the parametrisation of blocks by the e-cuspidal
Note that, even though the statements about e-cuspidal pairs and e-Harish-Chandra theory in this section seem like they do not depend on ℓ, the proofs of these statement heavily rely on ℓ satisfying the conditions in (A) as can be seen in the proofs of the results cited in this section. 
Corollary 1.5. Assume (A) to hold. Then generalized e-Harish-Chandra theory holds in E(G F , s) if and only if
where (L, λ) runs over the G F -conjugacy classes of e-cuspidal pairs of G with s ∈ L * F and λ ∈ E(L F , s).
Proof. By Theorem 1.3 we have
} by definition, the assertion follows from Proposition 1.4.
We say that the Mackey formula holds for G F , if the Mackey formula * R
where x runs over a set of representatives of
x M contains a maximal torus of G}, holds for every pair of parabolic subgroups P and Q of G with F -stable Levi complements L and M respectively. Theorem 1.6 ([13, 2.2.4 Proposition]). Assume (A) to hold. In addition suppose that the centre of G is connected and that the Mackey formula holds for every L F where L is an F -stable Levi subgroup of G. Then generalized e-Harish-Chandra theory holds in E(G F , s).
Since we focus on the case where G is a simple, simply connected group of exceptional type, the only cases for which the Mackey formula is still open are [2, Theorem] ). Because of this, we will omit the parabolic subgroups from the subscript of Lusztig induction and restriction throughout this work.
Recall that an element s of a connected reductive group G is called quasi-isolated if
Theorem A. Assume (A) to hold with G a simple, simply connected group of exceptional type or G F = 3 D 4 (q) and s ∈ G * F a semisimple, quasi-isolated element. Then generalized e-Harish-Chandra theory holds in E(G F , s).
Apart from the cases handled by Theorem 1.6, this has also been proved for e = 1 and e = 2 (unless G = E 6 or E 7 and s semisimple, quasi-isolated of order 6) in [17] . Note that we do not need to assume that the Mackey formula holds in Theorem A. Even though the general proof uses the Mackey formula, we can use a different method for the cases
where it is still not proved. The reason we restrict our attention to the quasi-isolated elements are the results of Bonnafé-Rouquier [3] and Bonnafé-Dat-Rouquier [1] . They show that most questions about blocks of groups of Lie type can be reduced to questions about quasi-isolated blocks of smaller subgroups. In view of minimal counterexamples to block-theoretic questions, it therefore suffices to study the quasi-isolated setting. Theorem A will be proved case-by-case for the groups in question. For the reader's convenience we recall the classification of the quasi-isolated elements here (see [4, Proposition 4.3 and Table 3 ]). Proposition 1.7 (Bonnafé) . Let G be a simple, exceptional algebraic group of adjoint type. Then the conjugacy classes of semisimple, quasi-isolated elements 1 = s ∈ G, their orders, the root system of their centraliser C G (s), and the group of components A(s) := C G (s)/C • G (s) are as given in Table 1 . The order of s is denoted by o(s). Table 1 . Quasi-isolated elements in exceptional groups
The first step is to determine the e-cuspidal pairs. To this end we need the following result. Using this result we can show that the assertion of Theorem A is immediate for certain numbers e ∈ N.
We say an integer e is relevant for a semisimple element s ∈ G * F if it occurs in δ(G F , s). The following easy conclusion justifies this terminology. Proposition 1.9. Let G be a connected reductive group defined over F q with Frobenius endomorphism F : G → G. Let s ∈ G * F be semisimple. If e is not relevant for s, then an e-Harish-Chandra theory holds in E(G F , s).
Proof. If e is not relevant for E(G F , s), then, by definition, every character in
the assertion follows by Corollary 1.5.
Next we will show that we can determine the relevant integers for the Lusztig series associated to quasi-isolated elements by only looking at unipotent data.
Proof. As a semisimple element, s lies in at least one maximal torus S of L, which then is a maximal torus of G. Since s ∈ L, one of these tori lies in L. Let S be such a maximal torus of L. Now, Z(L) lies in every maximal torus of L; in particular, Z(L) lies in S. In other words, we have
The second part follows from Proposition 1.1.
To prove the assertion we show that Jordan decomposition yields a
is an e-cuspidal pair by Theorem 1.8.
relevant e-cuspidal pairs
Let G be a simple, simply connected group of exceptional type defined over F q with Frobenius endomorphism F : G → G or let G be simple, simply connected of type D 4 defined over F q with Frobenius endomorphism F :
The tables in this section are the key ingredient in the proof of Theorem A. The layout of the Tables 2, 4 , 6, 8 and 10 is based on the layout of the tables in [17] .
Note that we do not include tables for every relevant integer e. However, the missing tables are Ennola duals of the ones in this section and they can be obtained fairly easily. This follows from the fact that Ennola duality of finite groups of Lie type interacts nicely with Lusztig induction and restriction (see [5] and especially [5, 3. 3 Theorem]). The Ennola dual cases are e = 1 ↔ e = 2, e = 3 ↔ e = 6, e = 5 ↔ e = 10, e = 7 ↔ e = 14, e = 9 ↔ e = 18, e = 15 ↔ e = 30.
More importantly, note that it follows from Theorem 1.6 that a generalized e-HarishChandra theory holds for F 4 (q), and for E 8 (q) unless when q = 2. However, since we need the e-cuspidal pairs of these groups in Section 3 on the Malle-Robinson conjecture, we reprove [13, 2.2.4 Proposition] for them along the way.
In addition to the Tables 2, 4, 6, 8 and 10, Tables 3, 5 , 7 and 9 contain the decomposition of
is not uniform. These constituents are parametrized via Jordan decomposition (see [10, Corollary 15.14] ). Since the semisimple element will always be clear from the context, we omit it from the parametrization and denote every irreducible constituent by the corresponding unipotent character. Except for the unipotent characters of classical groups (where we use the common notation using partitions and symbols), we use the notation of Chevie [20] .
Remark 2.1. The e-cuspidal pairs of G F for e = 1 ↔ e = 2 were already determined by Kessar and Malle in [17] except for the pairs associated to quasi-isolated elements of order 6 when G F = E 6 (q) or E 7 (q).
2.1. e-cuspidal pairs of F 4 . Let G be simple, simply connected of type F 4 defined over F q with Frobenius endomorphism F : G → G. In this case, e is relevant for some quasiisolated semisimple 1 = s ∈ G * F if and only if e ∈ {1, 2, 3, 4, 6}. By Remark 2.1 and the remark at the beginning of this section about Ennola duality, it remains to determine the e-cuspidal pairs for e = 3 and e = 4.
, and the order of their relative Weyl groups W = W G F (L, λ) are as indicated in Table 2 . In particular, generalized e-Harish-Chandra theory holds in every case. Table 2 . Quasi-isolated blocks in F 4 (q)
Let π uni denote the projection from the space of class functions onto the subspace of uniform functions (see [11, 12. 11 Definition]). The image of a class function under π uni can be explicitly computed using [11, 12. 12 Proposition].
Proof. The e-cuspidal pairs can be determined with Chevie using Theorem 1.8 and Proposition 1.10. The fact that a generalized e-Harish-Chandra theory holds in E(G F , s) is proved using Corollary 1.5.
Let e = 3. By Table 2 , we see that every 3-cuspidal pair (L, λ) is of the form (G, χ), or L is a proper Levi subgroup of G of type A and λ is a uniform character. Since Lusztig induction is transitive (see [11, 11.5 Transitivity] ) and λ is uniform, R G L (λ) is uniform as well. Hence, we can determine the decomposition of R G L (λ) using the formula for the uniform projection. For any semisimple, quasi-isolated element s ∈ G * F , we see that the constituents of R Table 2 exhaust E(G F , s). Thus, a generalized 3-Harish-Chandra theory holds in E(G F , s). Let e = 4. Let (L, λ) be a 4-cuspidal pair in Table 2 . Then λ is a uniform character, except for the two 4-cuspidal pairs in the line numbered 2. So the decomposition of R G L (λ) can be determined using the formula for the uniform projection again, except for the two exceptions, for which we need to use a different method. For further reference we will explain this method in detail in the case (L, λ) = (B 2 , (12, 0)). In this case 
is a generalized character, there exists an element γ ∈ QE(G F , s) which is orthogonal to the space of uniform class functions of By the Mackey formula we know that R , 2)). With this we have established the decomposition for every 4-cuspidal pair in Table 3 . We see that the constituents of R G L (λ) for the 4-cuspidal pairs associated to a given semisimple, quasi-isolated element s ∈ G * F exhaust E(G F , s). Table 3 . 2.2. e-cuspidal pairs of E 6 . Let G be a simple, simply connected group of type E 6 defined over F q with Frobenius endomorphism F :
In this case, e is relevant for some quasi-isolated 1 = s ∈ G * F if and only if e ∈ {1, 2, 3, 4, 5, 6, 10}. Since the center of G is disconnected, the situation is slightly more complicated.
In the tables, we write C G * (s)
to indicate whether or not a given centraliser is connected. A star in the first column next to the number of the line indicates that the quotient
To demonstrate the adjustments, we take line 4 of Table 4 for e = 3 as an example.
First, the star indicates that the F -stable points of the component group act nontrivially on the 14 unipotent character of C
. It can be shown that there are two orbits of order 3 and 8 trivial orbits. Thus, by Jordan decomposition,
F acts obviously trivially on the one unipotent character (which is the trivial character) of the torus C
Hence the induction of that character to C L * (s) F yields 3 irreducible constituents. We denote them by 1
(1) , 1 (2) and 1
F acts trivially on a given unipotent character of C
• G * (s) F , the induction of that character always yields 3 irreducible characters of C G * (s)
F . In Table  4 , we indicate this by adding a superscript from 1 to 3 to that unipotent character. Theorem 2.3. Let e = e ℓ (q) ∈ {3, 4, 5, 6}. For any quasi-isolated semisimple element 1 = s ∈ G * F , the e-cuspidal pairs (L, λ) of G with λ ∈ E(L F , s) (up to G F -conjugacy), and the order of their relative Weyl groups W = W G F (L, λ) are as indicated in Table 4 . In particular, generalized e-Harish-Chandra theory holds in every case. Table 4 . Quasi-isolated blocks in E 6 (q)
Proof. Suppose q > 2. For q = 2 the assertion will follow from Proposition 2.8. As for F 4 (q), the key step is to determine R G L (λ) for the e-cuspidal pairs (L, λ) in Table 4 . Except for the pairs given in Table 5 , λ is uniform, so R G L can be determined using the formula for the uniform projection. For the 3-cuspidal pairs (Φ 3 .A 2 (q) 2 , 1 (i) ) (i = 1, . . . , 3) and the 6-cuspidal pairs (Φ 6 .A 2 (q 2 ), 1 (i) ) (i = 1, . . . , 3), we are not able to determine R
By Table 4 and Theorem 1.8,
. Since any two different blocks, seen as subsets
and the latter is equal to {
. Hence, an e-Harish-Chandra theory holds in E(G F , s), which proves the assertion. Table 5 is the following. Every constituent of R G L (1 (i) ) in those lines is an element of an orbit of order 3. However, we are not able to determine which element of this orbit is the right constituent. We only know that it has to be one of the three. This is indicated by adding an superscript (i) to the constituents. 
The analogue of Table 4 for 2 E 6 (q) can be obtained as follows. The e = 3 part of the table for 2 E 6 (q) is the Ennola dual of the e = 6 part of Table 4 and vice-versa. The e = 10 part is the Ennola dual of the e = 5 part and the e = 4 part is the Ennola dual of the e = 4 part of Table 4 . Similarly, the analogue of Table 5 for 2 E 6 (q) can be obtained via Ennola duality.
2.3. e-cuspidal pairs of E 7 . Let G be a simple, simply connected group of type E 7 defined over F q with Frobenius endomorphism F : G → G. In this case, e is relevant for some quasi-isolated semisimple 1 = s ∈ G * F if and only if e ∈ {1, 2, 3, 4, 5, 6, 7, 9, 12, 14, 18}. By Remark 2.1 and Ennola duality, it remains to determine the e-cuspidal pairs for e = 3, 4, 5, 7, 9, 12. Since the center of G is disconnected, we encounter the same issues as in Section 2.2. Theorem 2.5. Let e = e ℓ (q) ∈ {3, 4, 5, 7, 9, 12}. For any quasi-isolated semisimple element 1 = s ∈ G * F , the e-cuspidal pairs (L, λ) of G with λ ∈ E(L F , s) (up to G Fconjugacy), and the order of their relative Weyl groups W = W G F (L, λ) are as indicated in Table 6 . In particular, generalized e-Harish-Chandra theory holds in every case. Table 6 . Quasi-isolated blocks of E 7 (q)
Proof. Similar to the proof of Theorem 2.3.
(1)
4,1 − 2φ 4,13 + 2φ 
9,10 + 3φ
2.4. e-cuspidal pairs of E 8 . Let G be simple, simply connected of type E 8 defined over F q with Frobenius endomorphism F : G → G. In this case, e is relevant for some quasi-isolated 1 = s ∈ G * F if and only if e ∈ {1, 2, 3, 4, 5, 6, 7, 9, 10, 12, 14, 18, 20}. By Remark 2.1 and Ennola duality, it remains to determine the e-cuspidal pairs for e = 3, 4, 5, 7, 9, 12, 20.
Theorem 2.6. Let e ∈ {3, 4, 5, 7, 9, 12, 20}. For any quasi-isolated semisimple element
, and the order of their relative Weyl groups W = W G F (L, λ) are as indicated in Table 8 . In particular, generalized e-Harish-Chandra theory holds in every case. 
respectively. In these cases, e is relevant for some quasiisolated 1 = s ∈ G * F if and only if e ∈ {1, 2, 3, 6}. It remains to determine the e-cuspidal pairs for e = 3.
Theorem 2.7. Let e = 3. For any quasi-isolated semisimple element 1 = s ∈ G * F , the e-cuspidal pairs (L, λ) of G with λ ∈ E(L F , s) (up to G F -conjugacy), and the order of their relative Weyl groups W = W G F (L, λ) are as indicated in Table 10 . In particular, generalized e-Harish-Chandra theory holds in every case. Table 10 . Quasi-isolated blocks of G 2 (q) and
Proof. See the proof of Theorem 2.2.
The cases 2 E 6 (2), E 7 (2) and E 8 (2) Note that these groups do not have semisimple elements of even order. Furthermore, note that the Mackey Formula holds for e = 1 regardless of q since 1-split Levi subgroups are contained in F -stable parabolic subgroups. In this case, Lusztig induction is just ordinary Harish-Chandra induction. Consequently, the proofs of the previous section still hold for e = 1 for these groups. Proof. The only thing missing was to check that generalized e-Harish-Chandra theory holds in every case of the corresponding tables. 
is a generalized character, there exists an element γ ∈ QE(G F , s) which is orthogonal to the space of uniform class functions of
(λ 2 ) do not have any irreducible constituents in common because their constituents lie in different blocks by Theorem 1.3 (a) . In this particular case this already determines the constituents of γ. Without knowing the norm of R G L 2 (λ 2 ), we are unfortunately not able to determine the multiplicities of the individual constituents. However, it is enough for our purposes to know the constituents.
A similar argument is needed for e = 3 (and e = 6). There are four 3-cuspidal pairs
F . Again, we are able to determine the constituents of R G L i (λ i ) for i = 1, 2, 3 (the case i = 4 being trivial). In addition to the arguments used for e = 2 above, we know that
is also uniform by transitivity of Lusztig induction (see [11, 11.5 Transitivity] ). The same arguments as for e = 2 yield that a generalized e-Harish Chandra theory holds.
For the quasi-isolated elements s ∈ G * F with C G * (s)
.3 we argue the same way: either λ is uniform; λ is an e-cuspidal character of G F already; or we can determine the constituents of R G L (λ) without using the Mackey formula, as for the other 3-cuspidal pairs.
E 7 (2): In this case it remains to consider the blocks corresponding to centralizers of type A 5 + A 2 . Let (L, λ) be an e-cuspidal pair corresponding to one of these blocks. Checking the tables we see that either λ is uniform or L = G and λ is an e-cuspidal character of G F . Thus we can determine R G L (λ) without the Mackey formula and the proof of Theorem 2.5 works. E 8 (2): The only cases to consider are the ones corresponding to centralizers of type A 8 , A 4 × A 4 and E 6 × A 2 . For every e-cuspidal pair (L, λ) corresponding to the first or second centraliser type, λ is uniform. Hence, we can determine the decomposition of E(G F , s) without the Mackey-formula. For the last centraliser type we use the same arguments as for the troublesome cases of 2 E 6 (2). . Proof of Theorem A. If s = 1, the assertion follows from [5] and [7] . If 1 = s ∈ G * F is semisimple and quasi-isolated, then the assertion follows from Theorem 2.2, Theorem 2.3, Theorem 2.5, Theorem 2.6, Theorem 2.7 and Proposition 2.8.
Block distributions
Let, as before, G be a simple, simply connected group of exceptional type defined over F q with Frobenius endomorphism F : G → G or let G be simple, simply connected of type D 4 defined over F q with Frobenius endomorphism F :
For e ℓ (q) = 1, 2 this can be read off from the tables in [17] . However, the ℓ-block distribution differs from the one given there. By Theorem 1.3 every line of their tables (instead of just every numbered line) yields a different block-type. For the other relevant e ℓ (q)'s the block distribution can be read off from the Tables in this section. If strict inequality holds, we say that the conjecture holds in strong form. Since the defect groups of a given block B are conjugate and therefore isomorphic to each other, we often write s(B) instead of s(D). We return to our initial setting. Let G be a connected reductive group defined over F q with Frobenius endomorphism F : G → G. Let ℓ ∤ q be a good prime for G.
By Theorem 1.2, we know that E ℓ (G F , s) is a union of ℓ-blocks of G F . However, we can say even more about E ℓ (G F , s). We defineÊ(G F , s) := {χ • | χ ∈ E(G F , s)}.
Theorem 3.2 ([14, Theorem A]).
Assume that ℓ is a good prime for G not dividing the order of (Z(G)/Z • (G)) F (the largest quotient of Z(G) on which F acts trivially). Let s ∈ G * F be a semisimple ℓ ′ -element. Then E(G F , s) is an ordinary basic set for the union of blocks E ℓ (G F , s).
Remark 3.3. Let B be an ℓ-block contained in E ℓ (G F , s) for some semisimple ℓ ′ -element s ∈ G * F . It follows that a basic set for B is then given by Irr(B) ∩ E(G F , s).
Definition 3.4. (a)
The ℓ-blocks contained in E ℓ (G F , s) for a semisimple, quasi-isolated ℓ ′ -element s ∈ G * F are called quasi-isolated. (b) Let H = G F /Z, for some subgroup Z ⊆ Z(G F ). A block of H is said to be quasiisolated if it is dominated by a quasi-isolated block of G F . Furthermore, it is said to be unipotent if the block dominating it is unipotent. The reason we focused on the quasi-isolated blocks are the results of Bonnafé-Rouquier [3] and more recently Bonnafé-Dat-Rouquier [1] . Using their results, we will prove that the ℓ-blocks of finite quasi-simple groups of exceptional Lie type do not yield minimal counterexamples to the Malle-Robinson conjecture when ℓ is a good prime for the underlying algebraic group. We also say that B is a minimal counterexample if the group H is understood. Theorem B. Let H be a finite quasi-simple group of exceptional Lie type. Let ℓ be a prime and let B be an ℓ-block of H. Then B is not a minimal counterexample to the Malle-Robinson conjecture for ℓ > 5 if H = E 8 (q) and for ℓ ≥ 5 otherwise. . If s is not quasi-isolated, then N is a proper subgroup. By the minimality of (H, B) , B is therefore a quasi-isolated block of H. So, the assertion follows from Theorem 3.5.
